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1.  ronODUCTIOM 


In  this  paper  the  electromagnetic  fields  ere  calculated  for  a  basic 
source-model  In  which  an  unspecified  charge-separation  process  results  in  the 
linear  build-up  of  charge  at  a  fixed  point ,  while  an  equal  but  opposite  charge 
flows  away  from  the  point  with  constant  velocity  In  a  straight  line.  This 
model  might  apply  to  the  case  of  a  free-space  ion-gun,  which  when  suddenly 
switched  on,  produces  a  beam  of  current  while  charge  builds  up  on  the  gun. 

The  model  as  sums  a  current  In  the  fora  of  a  step-function  thus  providing  the 
basis  for  trsating  more  coop lice ted  current  variations  by  linear  superpoeltion 
methods.  For  example,  the  fields  from  the  time-varying  current  wave  which  Is 
excited  by  a  corona  discharge  at  the  end  of  a  long  straight  conductor  might  be 
synthesised  in  this  way. 

Whereas  some  aspects  of  e  similar  but  less  general  problem  have  already 
been  treated, i  the  present  work  develops  the  complete  solution  for  arbitrary 
observation  distances,  directions  snd  times.  In  addition  Sections  6,  7,  and  8 
consider  the  fields  caused  by  generating  the  current  at  one  point,  and  stop¬ 
ping  (absorbing)  It  at  another.  This  process  creates  a  charge  dipole  of 
finite  length  and  varying  moment. 

2.  RETARDED  POTENTIALS  FOE  THE  CURRENT-GENERATION 


Figure  2.1  Illustrates  a  cylindrical  coordinate  system  In  which  the 
observation  point  P  has  the  coordinates  r,  s,  0,  the  0 -direction  being  into 
the  plane  of  the  figure.  The  charge  separation  process  Is  localized  at  the 
origin  0,  and  starts  at  tins  t  ■  0.  This  process  feeds  charge  at  a  constant 
rate  Into  the  line  represented  by  the  poeltlve  Z-axis,  and  the  charge  moves  at 
constant  velocity  v  in  the  fora  of  an  advancing  step-function  of  charge  den¬ 
sity  pcoul/m.  The  moving  charge  is  equivalent  to  e  current  behind  the  front. 

J  ■  vp  (2.1) 

An  equal  but  oppoeite  charge 

q  •  *Jt  (2.2) 

builds  up  at  the  origin  end  remains  there. 


With  all  charges  and  currents  confined  to  one  dimension  (Z-sxls)  the 
volume  Integrals  of  the  general  expressions  for  the  retarded  potentlals2 
reduce  immediately  to  single  Integrals.  Also  because  of  symmetry  with  respect 
to  0,  there  is  only  one  component  of  the  magnetic  vector  potential  X,  namely 

Ax(r.z;t)  -  ^  /  — - dz  (MRS) 

Zm  *1  (2.3) 


Here 


1 


1 


V 


(z-Zj)*  +  r* 


(2.4) 


1  lawia,  I.A.,  "Mlttlw  tram  xe«lltW  Shack  Eadtatloa  Curraact  is  i 
Straight  Coatfactar  11a lag  tram  a  Farfact  Earth  at  aa  Arbitrary  Aagla* 
IlactrcsMiatlt  Vara  Propagation.  Saa« talc  Fraaa,  1S5S,  p33S. 

2  Strattaa,  J.A.  Elactroaacaatlc  Thaorr.  NcCraaHUll.  19*1. 
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Figure  2.1 

Coordinate*  in  the  Plane  Containing  the  Line-Charge  and  the 

Obcervation  Point.  P 


(2.5) 


a  -  V*2  +*2 

and  the  current  J  at  point  P  is  to  be  evaluated  at  the  "retarded  time" 


T  -  t  -  Rj/C 

(2.6) 


In  the  integrand,  J  is  zero  for  t  less  than  R/c,  and  so  also  is  Az, 

The  retarded  time  t  is  the  time  a  wavelet  travelling  with  free-space  velocity 
c,  would  have  to  leave  the  element  of  integration  dz,  at  z  ■  zj,  in  order  to 
arrive  at  point  P  at  time  t.  At  the  moment  when  the  front  edge  of  the  step- 
function  has  reached  the  point  z  -  *f,  a  time  Zf/V  has  already  elapsed.  The 
first  contribution  from  the  element  at  Zf  does  not  reach  the  observer  at  P 
until  after  a  further  time-interval  Rf/c  where 

Rf  -  V<*“*f>2  +  *2  "  V*2  “  2«f  +  *f  (2.7) 


see  Figure  2.1.  Thus  the  arrival  time  of  the  first  wavelet  from  the  element 
st  if  is 


t 


y (z-zf)2  +  r2 


(2.8) 


This  "time-distance"  equation  can  be  solved  to  give  Zf  as  a  closed-form  func¬ 
tion  of  r,  z,  and  t,  see  Appendix  A.  The  resulting  expression  is  rather 
cumbersome,  and  it  happens  that  the  Inversion  process  can  often  be  avoided, 
especially  in  numerical  work.  The  main  features  of  the  solution  nay  be  under¬ 
stood  by  noting  in  Figure  2.1  that  if  R»  Zf , 

I(:l?z{  cos0 

(2.9) 


and 


(2.10) 


3 


that  la 


i 


*f 


3 


v(t  -  R/c) 
1-6  cos0 


(2.11) 


where  6  ■  b/c.  If  6*1  and  If  0»O“,  the  denominator  is  small,  and  Zf  can 
be  correspondingly  large. 


With  the  same  notation,  the  scalar  potential,  see  Stratton, 2  is 


♦(r,z;t) 


PU^t) 


(t  >  R/c) 


(2.12) 


For  convenience  this  Integral  will  be  considered  to  have  two  parts: 


•  ■  ♦  +  ♦ 

a  s 


(2.13) 


where  4a  Is  due  to  the  moving  charge,  and  4g  is  due  to  the  time-varying,  but 
stationary  charge  at  the  origin.  Then 


♦. 


(2.14) 


where  the  lower  bound  of  integration  excludes  the  origin.  The  integration 
over  the  stationary  charge  at  the  origin  is  a  degenerate  one,  giving  immedi¬ 
ately 
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•  «<T) 


( 


<Q»/c) 


(tel 

o 


on  using  Equation  2.2. 


(2.15) 


For  a  given  set  of  values  (r,  s,  t)  there  is  no  contribution  to  the 
Integrals  for  A*  and  4b  from  those  elements  for  which  z*  >  zf  and  there  is 
never  any  contribution  from  elements  with  negative  values  of  z.  Also,  within 
the  range  (Xzi<zf,  p  and  J  are  constant,  so  that 


Az(t,z;t) 


(2.16) 


4 


and 


•  -fir,  i 


where 


■/ 


d*. 


y  (z-Zj)2  +  r2 


On  saCCing 

€  -  *  -  * 


1 


-  /  — 

*^f  Ve2  +  F2 

■  +  Vc2  + 


z-z. 


as  nay  ba  verified  by  dlffarantlatlon.  Thus, 


I  -  In ^2  +  y*2  +  r2^  -  fci^z  -  zf  +  y  (z-zf)Z  + 


(2.17) 


(2.18) 


(2.19) 


(2.20) 


(2.21) 


(2.22) 


This  provides  the  formal  solution  for  tha  retarded  potentials  in  exact  closed 
form.  The  next  section  discusses  the  derivation  of  the  fields  frou  the 
potentials  -  a  procedure  in  which  it  must  be  remembered  that  Zf  contains  r,  t, 
and  t  through  the  tlae-dlstance  equation  (Equation  2.8). 


3.  EXACT  FIELDS  FOR  THE  CURRENT-GENERATION 

The  electric  and  magnetic  fields  are  to  be  obtained  from  the  potentials 
by  maana  of  the  standard  vector  operators: 


(3.1) 


H  - 


7XA 


(3.2) 


5 


I§ 


In  cylindrical  coordinates  with  the  present  axial  symmetry  (no  dependance  on 
$ )  there  are  only  three  basic  field  components: 


i  3A 

H .  ■  -  — - - 

♦  3r 


..  3A 
3*  z 

z  3z  3t 


Er  "Sr 


(3.3) 


(3.4) 


(3.5) 


Each  of  the  above  electric  field  components  can  be  regarded  as  being  the  sum 
of  contributions  from  the  moving  and  stationary  charges.  Denoting  these  be 
subscripts  m  and  s  respectively. 


r  -  £  +  E 

*z  as  zs 


E  -  E  +  E 
r  ra  ra 


(3.6) 


(3.7) 


Remembering  that  ♦  also  has  two  parts,  see  Equation  2.13,  it  is  evident  from 
Equation  3.4  that 


3*  3AZ 

Eza  3s  3t 


(3.8) 


**•  3s 


Similarly,  from  Equation  3.5, 


(3.9) 


8rm“  mm9F 


Ers  3* 


(3.10) 


(3.11) 


Sine*  by  Equation  2.15, 


*  »  Jt  +  J 

a  "  ”  4ire  R  +  4irs  C  * 
o  o 


Zl  3R 

3R  *  3* 


4ir£  R 
o 


M.  Ms  3*  Jt  3R 


■5r‘lr‘Sl  .KR1'"  ' 

o 


On  differentiating  Equation  2.5,  and  referring  to  Figure  2.1, 


3R  _  z  a 
^  -  R  ’  'O'9 


H  *  R  *  ,ln9 


Then 


Jt  cosQ 


4tte  2 

o  R 


(t  >  R/c) 


Jt  aln0 


re  4*e<j  r2 


(t  >  R/c) 


Referring  to  Equation*  2.16  and  2.17,  Equatlpn  3.8  gives 


J  ^31  .  ,  31  \ 

"  4ttsov  \3z  Weov  3t  J  * 


while  by  Equation  3.10, 


_  _  J  31 

Brm  "  ”  4ite  v  ’  3r 
o 


(3.12) 


(3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 


y-  ,r>  , 


-W  Jtj.  '  tXkiULt 


$1 

*:- 

I 

L 

I 


i4 


i.’j 


Similarly,  Equation  3.3  becomes 

J  31 

H*  *  *  51  ’  -5? 


On  writing  g  -  v/c,  and  ZQ 


H  a  -S-  £ 

%  Zn  Brm 
o 


(3.20) 


(3.21) 


It  remains  to  develop  expressions  for  the  partial  derivatives  of  I.  Noting 
from  Figure  2.1  that 


*  -  *f 

- - -  ■  COS0-  . 

R1  f 


—  -  .me  . 

f 


(3.22) 


(3.23) 


differentiating  Equation  2.22  with  respect  to  r  gives 


ex  V.2  .  r* 

.  +  V777 


3sf  t  “(»-«f)  y^r 
3r  l/(z-zf)2  +  r2 

_  _  .  _  \2  7  _2 


*  -  *f  +  ^(*-zf)  +  r 


.me  .IT*  c°*9t  —  -  ,lll9f 

R(l+cos8)  R^l+cosO^) 


.me  ,ln9f  ,  i  a«t 

R(1+COS0)  Rj(l+cos0f)  Rf  3r 


(3.24) 


Slallarlly, 


% 

■v.' 


•,ivj 


M 


33 


S:l 


f 


1 

a 


1 


3ji  (,~v  ~sr 

3e  / - : - 


(z-z£)2  +  r2 


*  -  zf  +  y (z-z£)2  +  r2 


1  +  cos0£  3z£ 


Rf  (1  +  cos0£)  3t 


1  9*f 


Rf  3t 


(3.25) 


lz2  +  r2 


■  .ft.  1-fV-^r 
_ V(*“*f>2  +  r2 


J2  2 

z  +%z  +  r 


(z-z£)  +  V(-zf)2  +  r* 


1  -  JL  ^  .  iff  \ 

R  R£V  3*  / 


(3.26) 


On  differentiating-  the  tine^d! stance  equation  (Equation  28)  with  respect  to  r. 


i  iff  ^  i  (*’*f)(-ir)  + r 


0  ■  “  T  +  — 

▼  3r  c 


(z-z£)2  +  r2 


j  3zf  cosd£  3z£ 


v  dr 


whence 


8  slid, 


_zi  m  _  — f 

3r  1  -  Scosd. 


(3.27) 


t--  >■<  f  «■■■  t  k  .  .v-  J»  25  .*•,  .~.r  _  .  ..  -z  .  ■  .  ■,  ._«  ,lt  .>  t  g>  y/  *  I 


l  -M 

;«&• 

w 

«' 
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■Jtf] 


1 

?* 


Similarly,  differentiation  of  Equation  2.8  with  respect  to  e  gives 


whence 


v  3*  c 


(z-zf)2  +  r2 


,  a.f  eo.8  /  3rf\ 

■  v's-+-r‘^1  'Try  • 


3*j  8  cos0f 

3z  "  ”  1-0  cosQ. 


(3.28) 


$ 

•V 

k-» 


Similarly  differentiation  of  Equation  2.8  with  respect  to  t  gives 


!  1 3,< .  i  (t~zf)  ( ~  it; 


v  3t  c 


|(z-zf)2  +  r2 


whence 


v  3t 


cos0f  3zf 


1-8  coa0. 


(3.29) 
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.v 

u 

«i 


It  follows  from  Equation  3.24  that 

31  .  a*g£  _  ,ln9f 
”Sr  "  R(l+coa0)  “  Rf(l+cos0f) 

Similarly 


6  sln0^ 
Rf(l-8cos0f) 


(3.30) 


1 


L— OCOSC 


(3.31) 
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»  i  t ,  9co,9t  )  .i. 

“5s  R  Ef  \  1-8  cos6f  /  R 


(3.32) 


VI 
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•'■’yXWV; 


*„r  |k 
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/a 


On  applying  Equations  3*31  to  Equation  3.20, 


.4 

4irl 


.1.9  ,ln8f  B 

R(l+cos9)  ~  R^d+cosO^)  R^( 


,lp9f  1 
l-0COS0f)  J 


(3.33) 


Similarly,  from  Equation  3.18 


J  Pi _ 1 

4ireQv  I  R  “  Rf  (1-0 


0coa0f)  Rf 


£  1 

[  l-0CO80f ) J 


lire  v 
o 


L-0COSC 


(3.34) 


and  from  Equation  3.19, 


E_  -  - 


j4 

rev; 

°  L 


sin  0 

R(!l+cos0)  “ 


l^d+COsO^) 


6  sinS^ 

Rf (l-0CO80f) 


(3.35) 


Equations  3.16,  3.17,  3.33,  3.34,  and  3.35  constitute  the  exact  formal 
solution  for  the  fields  generated  by  the  charge  separation  process  and  the 
accompanying  current  flow.  The  quantities  Rf  and  Q f  may  be  found  In  terms  of 
Zf  using  Equations  2.7  and  3.22,  while  Zf  can  be  found  as  a  function  of  t  by 
inverting  the  time-distance  qua t ion  (Equation  2.10)  as  discussed  in  Appendix 
A.  For  numerical  calculations  it  may  be  expedient  to  regard  Zf  as  the  Inde¬ 
pendent  variable,  and  to  compute  the  fields  and  the  associated  observation 
time  as  separate  exercises.  This  approach  is  Illustrated  in  Section  5. 

The  above  solution  gives  the  fields  resolved  in  a  cycllndrical  coordinate 
system,  that  la,  they  are  resolved  In  the  r, 0  -,  and  z-  directions.  For 
completeness  the  solution  will  now  be  re-cast  Into  components  appropriate  to  a 
spherical  coordinate  system,  that  Is,  In  the  coordinate  directions  R, 6  ,  and 
<t> .  The  <f> -component  (magnetic  field)  Is  the  same  In  the  two  systems,  while 
the  others  transform  in  ways  that  are  obvious  from  inspection  of  Figure  3.1. 
Thus 


E  cos0  +  E 


■  -  E  sin 9  +  E  cos0 
z  r 


(3.36) 


(3.37) 
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Figure  3.1 

Relation  of  Electric  Field-Components  In  Cylindrical  and 
Spherical  Coordinate  Systems 
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Then  the  fields  of  Che  stationary  charge,  Equations  3.14  and  3. IS,  appear  in 
spherical  components  as 


4ire  R 

O 


F  m  0 

b9S 


Slailarly,  Che  fields  of  Che  novlng  charge  becoae 
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(3.38) 


(3.39) 


(3.40) 


(3.41) 


4.  LIMITING  FORMS  FOR  LARGE  DISTANCES  AND  EARLY  TIMES 


If  R  is  large  and  *f  i*  snail,  a  situation  which  nay  occur  whan  the 
current-front  has  not  yet  moved  far  from  the  origin,  some  simplified  limiting 
forms  can  be  obtained.  Thus 
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f 


-  8 


(4.2) 


and  from  Equation  3.24, 

_  J  B  aln8 

4nR  *  1  -  B  coa6 


(4.3) 


and  by  Equation  3.27, 

_  ^  JZo  .  sin6 

Brm  4itr  1  -  5  cos? 


Using  Equation  3.25, 

J  cos8  -  B 

Bzm  4ire  cR  ’  1-8  cosQ 
o 


(4.4) 


(4.5) 


In  spherical  coordinates,  the  radial  component  simplifies  immediately: 

j  JZn 

Rm  4  ire  cR  4irR 

o  (4.6) 


while 


and  by  Equation  3.30, 
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(4.9) 


ao  that 
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Since  Egs  •  0  (tee  Equation  3.31), 


Ee  "  E0m  ZoH* 


(4.10) 


To  summarize  thaae  Halting  forma,  valid  for  large  diatancea  and  early  timea, 
it  is  concluded  that  (a)  the  radial  or  R-fleld  of  the  moving  charge  cancels 
the  field  of  the  stationary  charge  giving  no  net  radial  field,  (b)  the  tangen- 
l  tlal  electric  field  and  the  azimuthal  magnetic  field  are  related  to  each  other 

(  aa  in  a  plane  wave,  or  as  in  the  far  field  of  an  oscillating  Infinitesimal 

I  dipole,  (c)  the  directional  pattern  differs  fraa  that  of  an  infinitesimal 

dipole  by  the  factor 


Y  ™  1-3  cos  9  (4.11) 


This  factor  can  produce  a  very  large  affect  if  9  is  close  to  unity,  but  the 
effect  is  small  if  8  la  small.  In  any  case  y«l  at  0  •  90*.  Figure  4.1 
illustrates  the  behaviour  of  the  directional  pattern 


F(0,B) 


3  ainO 
1-3  cosS 


(4.12) 


}  for  two  values  of  3 . 

(d)  The  radiation  fields  are  maximum  in  the  cone  of  directions  for  which 


(e)  Like  eh*  step function  of  eh*  source  current  itself,  these  limiting  forms 
for  lerg*  dlseanc*s  have  sudden  onsets,  and  constant  amplitudes. 

The  radiated  power  may  be  found  by  considering  the  electromagnetic  energy 
density  between  two  expanding  wavefronts  at  a  large  distance  from  the  origin. 
Figure  4.2  illustrates  the  positions  of  two  spherical  wavefronts  at  time  t. 

The  outer  wavefront  started  from  the  origin  0  at  time  zero,  and  hence  is  at  a 
radius  R  »  ct.  The  inner  wavefront  was  radiated  from  point  A,  at  a  time 

At  -  ~  later,  and  hence  appears  at  radius 
v 


R^  •  c(t-At)  •  R  -  cAt 


(4.15) 


It  may  be  seen  from  Figure  4.2  that  the  width  A  of  the  space  between  the 
wavefronts  in  the  0-dlrection  is  given  approximately  by 

AW  =  R  -  R.  -  OA  cos  0 

A  (4.16) 


and  in  the  limit, 

dW  -  cdt  -  vdt  cos  8  -  (l-gcos8)cdt 


(4.17) 


Now  if  the  volume  density  of  electromagnetic  energy  is  taken  to  be 


£  •  T  ‘o'2  +  I  “o^  JOU1..B*3 


(See  Stratton, 2  p.  Ill,  Equation  (32),  and  p.  124,  Equation  (34))  it  follows 
from  Equation  4.10  that 


*  4  co2o+  I  wo>H,  •  uoH* 


(4.19) 


B2  sin20 

- T 

(l-3cos8) 


(4.20) 


by  Equation  4.3. 
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Figure  4.2 

Crossectlon  of  the  Spece  Between  Two  Neighboring  Wavefronts 


The  energy  du  between  the  wavefronts  is  found  by  integration  using  an 
eleaentai  volume  illustrated  in  Figure  4.3.  The  element  is  a  ring  of  radius 
Rain  6.  and  a  cros sectional  area  R  dd  dW ,  and  volume 

dv  ■  R2  sln6  d0  dW 

-  cR2  sin6  •  (l-8cos6)dt  d6  (4.21) 


Then 


J2U  c  dt 
•  o 
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16ir 


B(6) 


where 


B(B) 
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sin30 


B  cos@ 


de 


(4.22) 


(4.23) 


(4.24) 


This  Integral  is  readily  evaluated  using  standard  forms,  (for  example  Dwight^ 
Items  90.1  and  92.1)  and  after  some  algebraic  reduction  it  is  found  that 


B(8)  -  2  -  (i  -8)  In  i-£-| 


(4.25) 


The  function  B(B)  is  illustrated  in  Figure  4.4:  it  varies  from  0  to  2  and 
varies  from  0  to  1. 


Since  the  energy  du  was  radiated 


in  time  dt,  the  radiated  power  was 


dU 

dt 


7  Z„B<0> 
O _ 


16it 


5  ftrlfhc,  8.1.,  Tables  at  Iatefrala  an*  Other  Mathematical  Data*, 
MeettllUaa,  1943. 


(4.26) 


Graph  of  Che  Function  B(fJ) 
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The  power  radiated  is  evidently  equivalent  to  the  power  that  would  be  expended 
if  the  current  J  were  flowing  in  a  "radiation  resistance" 


(4.27) 


Since  B  has  the  maxima  value  of  2,  the  maximum  value  of  R  is  4.7746  ohms. 

The  preceding  results  for  a  step-function  current  transient  can  be  used 
to  calculate  the  fields  from  an  arbitrary  current-transient  propagating  along 
a  straight  line  without  change  of  amplitude  of  shape.  Such  a  transient  can  be 
considered  to  consist  of  a  linear  superposition  of  elemental  step-functions, 
and  it  follows  that  the  early-time  and  large-distance  radiation  waveforms 
resemble  the  waveform  of  the  current  when  displayed  on  appropriate  amplitude 
and  time  scales.  For  example,'  a  current  impulse  in  the  form  of  a  delta- 
function  can  be  modelled  by  a  positive  step-function  followed,  after  a 
short  delay  At,  by  an  equal  but  negative  current-step.  The  latter  in  effect 
cancels  the  former  after  a  current -impulse  At  J  *  q  is  delivered.  The 
duration  of  the  fields  is  also  At,  and  the  field  impulses  follow  immediately 
from  Equation  4.7: 

K  dt  ■  Zo  /V‘  *  •  T~-  file  volt  •  *«  •  *'1  (4.28) 


5.  NUMERICAL  EXAMPLE 

In  certain  practical  cases  it  may  not  suffice  to  consider  only  early 
times,  or  only  fields  varying  as  1/R,  as  was  done  in  Section  4.  In  those 
cases  it  may  be  expedient  to  resort  to  .numerical  work  with  machine  computa¬ 
tion.  In  this  Section  fields  are  calculated  for  the  following  numerical 

example 

t-la 
J  ■  1  amp 

B  -  0.99 
cosO  ■  0.99 
<0  s  8.1096*) 
z  »  cos6  •  0.99 
r  •  slnd  ■  0.141067 

(5.1) 
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Than  by  Equation  2.7, 


|l  -  1.98zf  +  zj  , 


(5.2) 


and  by  Equacion  3.22, 
0.99  -  zf 

co*ef '  —r — 


(5.3) 


Also,  by  Equacion  3.23, 

.1.8,  -  MilOi 

*  El 


(5.4) 


From  Equacion  2.8, 

*  *  s(t  +  *f) 


(5.5) 


whare  e  -  3x108  a/8.  The  firsc  fields  arrive  ac  cine  c  -  3.33333  na. 


Equacion  3.33  reduces  Co 
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70881  - 


0.28071 


:osip(l-Scoa6f)  a°P/n 


(5.6) 


While  by  Equacion  3.21 


E _  -  380.799H.  v/« 

rm  9 


(5.7) 


I*  tna  la  doe  In  nanoseconde ,  Equacion  3.17  gives 


*  -  -  1.2678c 

rs  na 


(5.8) 


I,  -  380.799H.  -  1.2678C 
r  9  ns 


(5.9) 


By  Equacion  3.16,  slollarly. 


•  -  8.9100c  v/i 

St  IIS 


(5.10) 


Finally,  by  Equation  3.34 
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zm 


30.3030 


.  _ 0.20101 

Rf  -  0.9801  +  0.99zf 


(5.11) 


and 


E 

z 


E  +  E 
zs  zm 


(5.12) 


By  assuming  various  values  of  Zf,  the  corresponding  values  of  t,  Rf,  and  cos 
were  found.  With  these,  values  of  the  fields  were  calculated,  and  the  results 
are  sketched  in  Figures  5.1,  5.2,  and  5.3.  It  may  be  noted  that  the  shoulders 
of  the  curves  are  definitely  rounded,  whereas  it  was  seen  in  the  previous 
Section  that  the  early-time  far-flelds  have  abrupt  (discontinuous)  onsets. 

6.  CURRENT  GENERATION  AND  ABSORPTION 

In  the  previous  Sections  the  travelling  current-front  was  assumed  to 
continue  along  a  line  indefinitely,  but  in  some  cases  of  Interest  the  model 
should  provide  for  stopping,  and  even  reversing,  the  current  at  an  arbitrary 
point.  For  example,  a  current  wave  on  a  conductor  of  finite  length  must  stop 
or  reverse  when  the  end  is  reached.  These  cases  can  be  created  by  linear 
superposition  of  solutions  of  Che  basic  model  already  discussed.  For  example, 
the  advance  of  the  current  front  can  in  effect  be  stopped  at  a  point  by  start¬ 
ing  a  new  current  at  that  point.  The  current  travels  in  the  same  direction 
but  has  opposite  sign  so  as  to  cancel  the  original  current.  Similarly,  a 
current  reversal  can  be  modelled  by  stopping  the  origlnel  current  as  just 
described,  end  generating  a  third  current  having  the  same  sign  as  the  original 
one,  but  travelling  in  the  reverse  direction. 

-The  case  of  stopping  the  current  will  be  considered  in  more  detail.  It 
will  be  assumed  as  before  that  the  current  step  is  generated  et  the  origin  of 
coordinates  but  now  when  the  front  reaches  the  point  z  ■  L,  see  Figure  6.1, 
the  new  current  begins.  This  (negative)  current  leaves  an  increasing  positive 
charge  at  z  ■  L,  and  this  is  of  course  equivalent  to  the  positive  charge  that 
would  accumulate  when  the  original  current  is  stopped.  The  original  current 
front  reaches  the  point  z  ■  L  at  time  L/v,  and  the  effects  of  this  arrival 
reach  the  observer  at  time 

V  c 

(6.1) 


where 


ires*. 


Growth  of  Magnetic  Field  Ha  From  Equation  5.6 


Growth  of  the  Electric  Field  Component  Ep  From  Equation  5.9 


Growth  of  the  Electric  Field  Conponent  Ez  From  Equation  5.12 


r 


Figure  6.1 

Version  of  Figure  2.1  for  the  Case  when  the  Upward-Advancing 
Current-Front  is  Absorbed  at  z-L 
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Prior  to  that  Instant  tha  fialds  at  tha  observer  ara  exactly  tha  same  as  in 
tha  pravlous  case.  After  that,  instant  tha  new  fialds  aust  be  added.  Tha  lat¬ 
ter  can  be  calculated  using  the  previous  formulas,  except  that  tha  origin  of 
coordinates  for  tha  naw  fialds  is  at  z  •  L,  and  not  at  z  ■  0 

Whereas  tha  fialds  ara  readily  calculated,  formally  combining  the  various 
expressions  is  rather  cumbersome  except  in  the  limiting  case  when  R  and  Rl  are 
large.  This  special  case  is  discussed  in  Section  7. 

7.  LIMITING  FORMS  WITH  CURRENT  ABSORPTION 


Figure  7-1 (a)  is  an  amplitude-time  representation  of  the  radiation-field 
waveform  at  a  great  distance,  caused  by  the  generation  and  absorption  of  a 
positive  current-step.  The  field  lasts  for  a  time  At^  given  by  Equation  7.4. 
Figure  7-l(b)  illustrates  the  radiation  waveform  of  a  negative  current  step  of 
the  same  amplitude,  but  delayed  a  short  time  At  from  the  positive  step. 

Figure  7-1 (c)  illustrates  the  linear  combination  of  the  two  previous  wave¬ 
forms,  and  hence  represents  the  radiation  waveform  of  a  current  impulse .  It  is 
seen  that  the  radiation  waveform  consists  of  two  impulses — a  prompt  impulse , 
followed  by  a  delayed  impulse  of  opposite  sign.  Since  any  arbitrary  current 
waveform  can  be  considered  to  be  made  up  of  a  sequence  of  current  impulses  of 
suitable  amplitudes,  the  corresponding  radiation  waveform  is  followed  by  a 
similar  but  inverted  and  delayed  waveform,  beginning  after  the  time  At^. 

Thus  if  Figure  7-2(a)  represents  the  waveform  from  generating  the  current, 
then  Figure  7-2(c)  represents  the  composite  radiation  waveform. 

The  radiation  field  due  to  the  generation  of  the  arbitrary  current  I  (t) 
is  proportional  to  x(t-  »  while  the  "absorption  field"  is  proportional  to 

-I(t-  f-4^) 

Thus  the  composite  field  is  proportional  to 


i(t-  f)  -  «t-.f  -at,) 

4ti 


(7.1) 


and  hence  to 

L  JI(t-  £> 

v  dt 


(7.2) 


when  L  and  v/c  are  small.  This  proportionality  of  the  radiation  field  to 
length  times  raterof-change  of  current  is  a  well  known  result  with  convention¬ 
al  infinitesimal  dipole  radiators. 
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(a)  Radiation  Waveform  From  Generating  and  Absorbing  a  Positive 
Current  Step 


I 

I 

I 


(c)  Composite  Radiation  Waveform 


Figure  7.1 

Generating  and  Absorbing  a  Current  Impulse  Gives  a 
Double-Impulse  Radiation  Field 


(a)  Illustrative  Radiation  Waveform  From  Generating  an 
Arbitrary  Current 


(b)  Corresponding  Radiation  Waveform  From  Absorbing  the  Current 


Figure  7.2 

Synthesis  of  Radiation  Field  From  Generating  and  Absorbing 

an  Arbitrary  Current 


Appendix  A: 


Inversion  of  the  Time-Distance  Equation 
On  writing  the  time-distance  relation.  Equation  2.8,  as 
vt  -  zf  -  8^(z-zf)2  +  r2 

with  (3  *  v/c,  squaring  both  sides  gives 

2  2  2  2  2  2  2 

v  tz  -  2vtXj  +  s*  ■  -2z2j+*£+r  ) 

This  when  re-arranged  reads 
(1-62)*2  -  2P*f  +  q  -  0  , 

where 

2 

E  ■  vt  -  0  *  . 


(A.  1) 


(A.  2) 


(A.  3) 


(A.  4) 


vV  -  eV  -  a2r2 


(A.5) 


There  are  two  solutions  to  the  quadratic  Equation  A-3,  namely 


‘f 


82 


(A. 6) 


To  select  the  physically  significant  root,  it  is  noted  that  with  t  •  R/c,  the 
quantity  Q  ■  0.  For  equation  A-6  to  give  the  correct  value  *f  •  o  for  that 
case.  It  Is  evidently  necessary  to  choose  the  negative  sign. 
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